
Tutorial 5 - Continuous Fourier transform
18. 3. 2026

Problem 1. Find all characters of T and verify that T̂ ∼= Z.

Problem 2. Let G be an abelian group and Ĝ its dual group. For every a ∈ G we define fa : Ĝ → T by fa(χ) = χ(a).
Verify that:

a) fa is a group homomorphism,

b) the mapping a 7→ fa is a group homomorphism.

Problem 3. Let f : R/Z → C be a piecewise smooth function. Prove that Sn(f) = f ∗ Dn.

Problem 4. Prove that Dn(x) = sin((2n+1)πx)
sin(πx) .

Problem 5. Let f(x) = sgn(x), x ∈ (−π, π]. Expand f to the Fourier series and determine the sum of the series
∞∑

n=1

(−1)n+1

2n − 1 .

Problem 6. Let f(x) = π2 − x2, x ∈ (−π, π]. Expand f to the Fourier series and determine the sum of the series
∞∑

n=1

1
n2 .

Problem 7. Consider the function of the real variable f(x) = e−πx2 . Prove that the Fourier transform satisfies
f̂(a) = f(a) for all a ∈ R.

Problem 8. Find all 1-periodic functions g that satisfies the following differential equation:

g′′(x) + 2g′(x) + g(x) = sin 2πx.


