
Tutorial 2 - Fourier analysis
18. 2. 2026

Problem 1. Let S ⊆ [n] and Zn
2 be a group.

a) Prove that the map χS(x) = (−1)
∑

i∈S
xi is a character Zn

2 → C∗,

b) for T ⊆ [n], S ̸= T , show that χS ̸= χT .

Problem 2. Generalize the previous problem into general case of finite abelian groups.

Problem 3. Let G be a finite abelian group and a ∈ G. Then compute the Fourier transform of:

a) χa,
b) δa,
c) δ−1 + δ0 + δ1 for G = Zn,
d)

∑k−1
i=0 δil for G = Zkl.

Problem 4. Verify that:

a) f̂(0) = E[f ] for every finite abelian group G and every function f : G → C,

b) ||f̂ ||∞ ≤ ||f ||1.

Problem 5. Fix p ∈ G and c ∈ C. We define operators Tp and Pc over CG such that for every function f : G → C
it holds that (Tpf)(x) = f(x + p), (Pcf)(x) = cf(x).

In case G is a field and p ̸= 0, we define (Spf)(x) = f(px). Prove that:

a) T̂pf(a) = χa(p)f̂(a),
b) P̂cf(a) = cf̂(a),
c) Ŝpf(a) = f̂( a

p ).

Problem 6. Consider group Zn and matrix M ∈ Cn×n such that for every f ∈ Zn → C we have:

(f̂(0), f̂(1), . . . , f̂(n − 1))T = M(f(0), f(1), . . . f(n − 1))T .

Compute det M and reprove that Fourier transform is a bijection.

Problem 7. Draw a Cayley graph of Z6 with respect to the set S = {±2, ±3} and compute the eigenvalues of the
adjacency matrix.


